We establish the classical Young inequality on time scales as follows:
Introduction
The Young inequality [1] [2] [3] [4] is not only interesting in itself but also very useful. The purpose of this work is to establish this renowned inequality on time scales. We first briefly introduce the time scales theory.
By a time scale T we mean any closed subset of R with order and topological structure present in a canonical way. Since a time scale T may or may not be connected, we need the concept of jump operators.
Definition. Let t ∈ T, where T is a time scale; then two mappings σ, ρ : T → R satisfying σ (t) = inf{s ∈ T|s t}, ρ(t) = sup{s ∈ T|s t} are called the jump operators.
If σ (t) > t, t ∈ T, we say t is right-scattered. If ρ(t) < t, t ∈ T, we say t is left-scattered. If σ (t) = t, t ∈ T, we say t is right-dense. If ρ(t) = t, t ∈ T, we say t is left-dense.
exists.
The set of all rd-continuous functions from T → R is denoted by C rd [T, R] . Let
If f : T → R is a function, then we define the function f σ : T → R by
Definition. Assume that f : T → R and t ∈ T k ; then we define f (t) to be the number (if it exists) with the property that for any given > 0, there exists a neighborhood U of t such that
, and in this case, we define the integral of f by
for all s, t ∈ T , and we say that f is integrable on T.
Throughout this work, we suppose that
(c) an interval means the intersection of a real interval with the given time scale.
For further information concerning time scales, see [5, 6] . In order to establish our main results, we need the following lemma which is due to Bohner and Peterson [5] .
Main results
We now can state and prove our main result as follows:
Proof. Clearly,
because σ (x) ≥ x and g −1 is strictly increasing. Letting v(x) = g(x) and f (x) = x in Lemma A, we see that
It follows from Theorem 1.77 in [5] that
This and (1) and (2) imply
Case (a). a ≥ g −1 (b). It follows from the strictly increasing property of g that
This and (3) imply
Combining cases (a) and (b), we obtain the desired result (R 1 ).
As an application of Theorem 1, we have the following:
Corollary 2. Let p > 1 and q > 1 with
Thus, (R 2 ) follows from Theorem 1.
Corollary 3. Let p and q be defined as in Corollary 2. If a ≥ 0, b ≥ 0, and σ (t) − t is constant on
p . Then it follows from Theorem 1.24 and exercise 1.35 in [5] that
Theorem 5 (Hőlder's Inequality I). Let f, g, h ∈ C rd ([a, b] , R) and
Proof. Setting
Following from (R 3 ), we see that
Therefore, we obtain the desired result.
Using Theorem 5, we can prove the following:
Proof. Without loss of generality, we may assume that p < 0. Set Taking F (x) = f −q (x) and G(x) = f q (x)g q (x) in the above inequality, we obtain the desired result.
Using our Hőlder's inequalities, we can show Minkowski's inequality on time scales as follows:
